Abstract. Let G be a simple n-vertex graph with degree sequence d1, d2, . . . , dn and vertex set V(G). The degree of v ∈ V(G) is denoted by d(v). The smallest integer r for which V(G) has an r-partition
Introduction
We consider only finite, non-oriented graphs without loops and multiple edges. We shall use the following notations:
V Definition 1. Let G be a graph, |V(G)| = n and V ⊆ V(G). The set V is called a δ-set in G, if
Clearly, any independent set V of vertices of a graph G is a δ-set in
Definition 2. A graph G is called a generalized r-partite graph if there is a r-partition
where the sets V 1 , V 2 , . . . , V r are δ-sets in G. The smallest integer r such that G is a generalized r-partite is denoted by ϕ(G).
As any independent vertex set of G is a δ-set in G, we have ϕ(G) ≤ χ(G). In fact, the following stronger inequality [10] (1)
By the classical Turan Theorem, [11] (see also [5] ) we have
The equality in (2) holds if and only if n ≡ 0 (mod r) and G is complete r-chromatic and regular.
It is proved in [6] that
According to (1) the inequality (3) is stronger than the inequality (2). But in case of equality in (3) the graph G is not unique as it is in the Turan theorem.
.
In this note we give the following improvement of the inequality (4). Theorem 1. Let G be a n-vertex graph. Then
The equality in (5) holds if and only if n ≡ 0 (mod ϕ(G)) and G is regular
Auxiliary results
We denote the elementary symmetric polynomial of degree s by σ s (
Further, we will use the following equalities:
In order to prove 1 we will use the following well known inequality (particular case of the Maclaurin inequality, see , [2] , [3] ).
Theorem 2. Let x 1 , x 2 , . . . , x n be non-negative reals and σ s (x 1 , x 2 , . . . , x n ) = σ s . Then
A straight and very short prove of Theorem 2 is given in [4] .
3. Proof of the Theorem 1
where
It follows from (9) that
According to (10)
Thus we have
From (6) and (7) we see that
where σ 2 = σ 2 (n 1 , n 2 , . . . , n r ), σ 3 = σ 3 (n 1 , n 2 , . . . , n r ).
Thus we obtain the inequality
Since σ 1 = n, Theorem 2 yields (12) σ 2 ≤ n 2 (r − 1) 2r and σ 3 ≤ n 3 (r − 1)(r − 2) 6r 2 .
Now the inequality (5) follows from (11) and (12).
Obviously, if n ≡ 0 (mod r) and
r we have equality in (5) . Now, let us suppose that we have equality in inequality (5). Then we have equality in (12) and (10) too. From r = ϕ(G) = n n −d it is clear that r divides n. By Theorem 2, we have
Because of the equality in (10)
Theorem 1 is proved.
Some corollaries

Definition 3 ([5]
). Let G be a graph and v 1 , v 2 , . . . , v r ∈ V(G). The sequence v 1 , v 2 , . . . , v r is called an α-sequence in G if the following conditions are satisfied: 
Proof. Since N(v 1 , v 2 , . . . , v) is a δ-set, G is a generalized r-partite graph, [9] . Thus, r ≥ ϕ(G) and (13) follows from Theorem 1.
Then the inequality (13) holds.
Proof. From (14) it follows that G is a generalized r-partite graph (
The next corollary follows from (1) and Theorem 1.
Remark 1. The prove of the inequality (15) given in [1] is incorrect, since the arguments on p.53, rows 8 and 9 from top, is not valid. By Theorem 1, n ≡ 0 (mod r) and G is a regular graph of degree n(r − 1) r . Thus e(G) = n 2 (r − 1) 2r = n 2 (cl(G) − 1) 2 cl(G) .
According to Turan Theorem, G is complete r-chromatic and regular.
